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Abstract
Tiling hasproven to be an effective mechanismto develop high
performanceimplementationsof algorithms.Tiling can be used
to organizecomputationsso that communicationcostsin parallel
programsarereducedandlocality in sequentialcodesor sequential
componentsof parallelprogramsis enhanced.

In thispaper, a datatype- HierarchicallyTiled Arraysor HTAs
- that facilitates the direct manipulationof tiles is introduced.
HTA operationsare overloadedarray operations.We argue that
the implementationof HTAs in sequentialOO languagestrans-
forms theselanguagesinto powerful tools for the developmentof
high-performanceparallelcodesandcodeswith high degreeof lo-
cality. To supportthis claim, we discussour experienceswith the
implementationof HTAs for MATLAB andC++ andtherewriting
of theNAS benchmarksanda few otherprogramsinto HTA-based
parallelform.

Categoriesand SubjectDescriptors D.1.3 [ProgrammingTech-
niques]: Concurrent Programming; D.3.3 [Programming Lan-
guages]: LanguageConstructsandFeatures

GeneralTerms Language

Keywords Parallelprogramming,data-parallel,locality enhance-
ment,tiling

1. Intr oduction
This paperintroducesa typeof objectthatfacilitatestheprovision
of locality and parallelism.Theseobjectsare tiled arrayswhose
tiles couldbe tiled andwhosecomponents,tiles or theunderlying
scalars,canbeaccessedusinganintuitivenotation.In otherwords,
a hierarchicallytiled arraycanbeaccessedasa �at n-dimensional
array wherethe scalarelementsare addressedusing the conven-
tional subscriptnotationor asa hierarchyof tiles whosecompo-
nentsareaddressedby a sequenceof subscripttuples,onefor each
level of tiling.
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Themainmotivationbehindthedesignof theseHierarchically
Tiled Arraysor HTAs is that, for a wide rangeof problems,data
tiling hasproven to beaneffective mechanismfor improving per-
formanceby enhancinglocality [26] andparallelism[3, 9, 8, 21].
Ourobjective in this paperis to make a ®rst attemptin theidenti®-
cationof thesetof operationson tiles neededto developprograms
that areat the sametime readableandef®cient and to show that
suchoperationsfacilitateprogrammingof high performancecom-
putations.

To implement parallel computationsfor distributed memory
machines,HTA tiles are distributed. Parallel computationsand
communicationsare representedby overloadedarray operations.
Thus,interprocessorcommunicationoperationsarerepresentedby
assignmentsbetweenHTAs with different distributions. Parallel
computationstake theform of array(or dataparallel)operationson
thedistributedtiles. HTAs aredesignedfor useby singlethreaded
programswhereparallelcomputationsarerepresentedasarrayop-
erations.As a result,parallelismis highly structured,which im-
provesreadabilityover theSPMDparadigm.Theuseof arrayop-
erationsto representparallelcomputationsonadistributedmemory
systemis, of course,notnew. It wastheonly mechanismto express
parallelismin Illiac IV [5] andotherSIMD systemsandit hasbeen
usedin a variety of languagesincluding High PerformanceFor-
tran [3] and its variants[10] andZPL [9], X10 [11], andothers.
Themaincontributionof HTA is theuseof arrayoperationsto ma-
nipulatetilesdirectly. HTAs arealsousefulfor thedevelopmentof
ef®cient programsfor shared-memoryanduniprocessorcomputa-
tionsbecausedatatiling tendsto reducedatatraf®c in SMP com-
putationsand increaselocality in sequentialcomputations.More
speci®cally, HTAs area convenientnotationto programmulticore
processorsandhybrid parallelmachinessuchastheCELL Broad-
bandEngine[22]. Furthermore,becauseof their hierarchicalna-
ture, HTAs can be usedto take advantageof the multiple levels
of parallelismthatcanbeexploitedby systemssuchasclustersof
multicoreprocessorsaswell asmultiple levels of memoryhierar-
chy.

The restof thepaperis organizedasfollows. In Section2, we
describeHTAs and the operationson them that we have found
most useful in our studies.In Section3, we presentsomecode
examplesto illustrate how a few important parallel kernelscan
be implementedwith HTAs. Our objective in this Sectionis to
demonstratethatHTAs canbeusedto produceelegantandintuitive
formulationsof thesekernels.In Section4 wediscussourefforts to
incorporateHTAs in two sequentiallanguages:MATLAB andC++.
Finally, in Section5 we comparethe HTA approachwith other
parallelprogrammingapproaches.Finally, Section6 concludes.
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Figure1. Pictorialview of a HierarchicallyTiled Array.
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Figure 2. Constructionof an HTA by partitioning an array-(a).
Mappingof tiles to processors-(b).

2. A NewProgramming Paradigm
In this Sectionwe describethe semanticsof the Hierarchically
Tiled Arrays (HTA) (Section2.1), their constructionand distri-
bution (Section2.2) mechanismsto accessthe HTA components
(Section2.3), assignmentstatementsandbinary operations(Sec-
tion 2.4) andotherHTA methods(Section2.5). For simplicity, in
all theexamplesin thisSectionweusethesyntaxof ourMATLAB
extension.

2.1 Semantics

HierarchicallyTiled Arrays(HTAs) arearrayspartitionedinto tiles.
Thesetiles canbeeitherconventionalarraysor lower level Hierar-
chically Tiled Arrays.Tiles canbedistributedacrossprocessorsin
a distributed-memorymachineor bestoredin a singlemachineac-
cordingto a userspeci®edlayout.Wedistributetheoutermosttiles
acrossprocessorsfor parallelismandutilize the inner tiles for lo-
cality. Figure1 shows an exampleof an HTA with two levels of
tiling.

2.2 Construction of HTAs

Two differentapproachescanbe usedto createanHTA. The®rst
is to tile anexisting arrayusingdelimitersfor eachdimension.For
example,if Mis a6� 6 matrix,thefunctionhta(M, f [1 3 5],[1
3 5] g) createsa3� 3 HTA resultingfrom partitioningMin tilesof
2� 2 elementseach,asshow in Figure2-(a).Thesecondparameter
of the HTA constructoris an array of vectorsthat speci®esthe
startinglocationof the tiles. The i -th vectorcontainsthepartition
vectorfor the i -th dimensionof thesourcearray. Theelementsof
this partitionvectormark thebeginningof eachsub-tilealongthe
correspondingdimension.In our example,rows 1 , 3 and5, and
columns1, 3 and5 arethepartitionspoints.

Alternatively, an HTA canbe built asan emptysetof tiles. In
order to createan HTA of this form, the HTA constructoris in-
vokedwith thenumberof desiredtilesperdimension.For example,

C{2,1}(1,4)
C(5,4) 

, C{2,1}{1,2}(1,2) or 
, or 

C{2,1}

C(1:2,3:6)

HTA C

Figure3. Accessingthecontentsof HTAs.

hta(3,3) createsanHTA with 3 � 3 emptytiles.To completethe
HTA, eachtile mustbeassigneda contentafter theemptyshell is
created.

The tiles of an HTA canbe local or distributedacrossproces-
sors.To maptiles to processors,the topologyof themeshof pro-
cessorsandthe typeof distribution (block, cyclic, block cyclic, or
a user-de®neddistribution) mustbe provided.Figure2-(b) shows
an examplewherea 6 � 6 matrix is distributedon a 2 � 2 mesh
of processors.Thelastparameterof theHTA constructorspeci®es
theprocessortopology. In our currentimplementation,thedefault
distribution is a cyclic distribution of the tiles on themesh,which
correspondsto a block cyclic [3] distribution of the matrix con-
tainedin theHTA, with theblocksde®nedby thetopmostlevel of
tiling.

Notice that, althoughnot illustratedheredue to spacelimita-
tions, HTAs can be built with several levels of tiling, like those
shown in Figure1.

2.3 Accessingthe Componentsof an HTA

Figure3 shows examplesof how to accessHTA components.The
expressionCf 2,1 g refersto thelower left tile. Thescalarelement
in the ®fth row and fourth columncan be referencedas C(5,4)
just as if Cwerean unpartitionedarray. This elementcanalsobe
accessedby selectingtheleaftile thatcontainsit andits relativepo-
sitionwithin this tile: Cf 2,1 gf 1,2 g(1,2) . A third expressionrep-
resentingC(5,4) selectsthetop-level tile Cf 2,1 g thatcontainsthe
elementandthen�attens or disregardsits internal tiled structure:
Cf 2,1 g(1,4) . RegionssuchasC(1:2,3:6) canalsobeaccessed
usingparenthesisto disregardthe tiling of theHTA. The resultof
suchexpressionsdo not keepthe tiled structureof the HTA, that
is, C(1:2,3:6) will simply returna plain standard2 � 4 matrix.
If theHTA Cis distributed,this outputmatrix is a replicatedlocal
objectthat appearsin all the processors.Flatteningis particularly
usefulwhentransformingaconventionalprogramontoatiled form
for locality/parallelismor both. During the intermediatestepsof
thetransformation,regionsof theprogramcanremainunmodi®ed
andarraysaccessedasif they werenot partitionedwhile in other
regions,thearraysaremanipulatedby tiles.

Setsof componentsmaybechosenat any level andalongeach
dimensionusingtripletsof theform begin:step:end. The: notation
canbe usedin any index to refer to the whole rangeof possible
valuesfor that index. For example,Cf 2,: g(1:2:4,:) refersto
theoddrows of thetwo lowerouter-level tiles of C.

We canalsousebooleanarraysasHTA subscriptsWhenthis
logical indexing is appliedevery trueelementin thebooleanarray
usedas a subscriptdesignatesa tile of the HTA basedon the
position of the true elements.As illustrated in Figure 4 logical
indexing allowstheselectionof arbitrary, bandeddiagonalor upper
triangulartilesof anHTA.

2.4 Assignmentsand Binary Operations

We generalizethe notion of conformabilityof Fortran90. When
two HTAs are usedin an expression,they mustbe conformable.
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V{2:3,:}(1,:)=
V{1:2,:)(5,:)

Figure 5. Assignmentof all the elementsin the last row of each
oneof the tiles locatedin therows of tiles 1 and2 to the®rst row
of thecorrespondingtiles in therows of tiles2 and3.

That is, they musthave the sametopology(numberof levels and
shapeof eachlevel), and the correspondingtiles in the topology
musthave sizesthat allow the operationto act on them.The op-
erationis executedtile by tile, and the outputHTA hasthe same
topologyastheoperands.

Also, an HTA andan untiled arrayareconformablewhenthe
array is conformablewith eachof the leaf tiles of the HTA. An
HTA anda scalararealwaysconformable.Whenanuntiledarray
is operatedwith anHTA, eachleaf tile of theHTA is operatedwith
thearray. Also, whenoneof theoperandsis a scalar, it is operated
with eachscalarcomponentof the HTA. Again, the outputHTA
hasthesametopologyastheinputHTA.

Assignmentsto HTAs must follow similar rules to thoseof
binaryoperators.Whena scalaris assignedto a rangeof positions
within anHTA, thescalaris replicatedin all of them.Whenanarray
is assignedto a rangeof tiles of anHTA, thearrayis replicatedto
createtiles.Finally, anHTA canbeassignedto anotherHTA (or a
rangeof tilesof it).

Referencesto local HTAs do not involve communication.
However, in distributed HTAs assignmentsbetweentiles which
are in different processorsinvolve communication.Considera
3 � 3 distributed HTA, V. The assignmentVf 2:3,: g(1,:) =
Vf 1:2,: g(5,:) copiesall the elementsin the ®fth row in the
two ®rst rowsof tiles to the®rst row in thetiles in thetwo lastrows
of tiles asshown in Figure5. When the tiles of V aredistributed
acrossprocessors,this assignmentinvolvescommunication.

2.5 Other HTA Methods

We have overloadedfrequently-usedfunctionson arrayssuchas
circshift , transpose , permute, or repmat, as well as the
standardarithmeticoperatorsso that whenappliedto HTAs they
operateat the tile level. For example, the MATLAB function
circshift implementscircular shifts for arrays.The overloaded
HTA versionshifts insteadwhole tiles of HTAs, which involves
interprocessorcommunicationwhentheHTAs aredistributed.
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(c)(a)

h = hta(1,3)

(b)

h = transpose(h)  
h = permute(h,[2,1]) h = dpermute{h,[2,1]}

or h'

Figure6. Permuteanddpermute.
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        [1,1,nprocs])
X=hta(A,{[1],[1],[partition-z]},

X=fft(X,[],1)
X=fft(X,[],2)
X=dpermute(X,[3,1,2])
X=fft(X,[],1)

Figure7. DataPermutationin FFT.(a)-Pictorialview.(b)-code

Wehavealsoimplementedmethods,only applicableto theHTA
class,that we have found to be useful in many parallelprograms.
Thesearemethodslike reduceHTAwhich is a generalizedreduc-
tion methodthatoperatesonHTA tiles,andparHTAwhich applies
in parallelthesamefunctionto eachtile of anHTA.

3. HTA operations
In this Section,we usecodeexamplesto illustratehow the HTA
assignmentsandmethodsmentionedin theprevioussectioncanbe
usedto write parallelprograms.The examplesaresimplekernels
andtheNASparallelbenchmarks[2], whichweimplementedusing
MATLAB extensions.Weclassifythemethodsaseithercommuni-
cationoperationsor globalcomputations.

3.1 Communication Operations

In HTA programs,communicationis representedasassignmentson
distributedHTAs asshown in the examplein Figure5. However,
in HTA programs,communicationscan also be expressedusing
methodssuchaspermute, circshift and repmat. We discuss
themin thenext Sections.

3.1.1 Permute Operations

Figure6 shows two examplesof permute operations.Figure6-(b)
showstheHTA thatresultsafterapplyingtheoverloadedMATLAB
transpose or permute operatorto theHTA in Figure6-(a).Fig-
ure6-(c) shows theHTA that resultsafterapplyinga new method
calleddpermute, which is a specialcaseof a permutationopera-
tion whereonly thedataaretransposed,but theshapeof the con-
tainingHTA remainsthesame.That is, thenumberof tiles in each
dimensionremainsconstant.Thus,as shown in Figure 6-(c), af-
ter the dpermute operatorthe datahave beentransposed,but the
resultingHTA contains1 � 3 tiles,asin Figure6-(a).

Thedpermute operatoris appliedin theNAS FT, andoperates
on a 3-D array (A) which is partitionedinto tiles which are dis-
tributedalongtheZ dimension,asshown in Figure7-(a).To com-
putetheFourierTransform(FT) alongtheZ dimensionwe needto
bringtheblocksfrom thedistributeddimensionto theundistributed
onesso that the FT canbe locally applied.Figure7-(b) shows an
outlineof theNAS FT. TheFT alongthe®rstandseconddimension
of anHTA iscomputedusingtheoverloadedversionof thestandard
MATLAB fft operatorwhichappliesthestandardMATLAB fft



function C = cannon(A,B,C)
for i=2:m

A{i,:} = circshift(A{i,:}, [0, -(i-1)]);
B{:,i} = circshift(B{:,i}, [-(i-1), 0]);

end
for k=1:m-1

C = C + A * B;
A = circshift(A, [0, -1]);
B = circshift(B, [-1, 0]);

end

Figure8. Cannon's algorithmusingHTAs.

function C = matmul (A, B, C)
if (level(A) == 0)

C = C + A * B;
else

for i=1:size(A,1)
for k=1:size(A,2)

for j=1:size(B,2)
C{i, j} = matmul(A{i,k}, B{k,j}, C{i,j});

end
end

end
end

Figure 9. Recursive matrix-matrix multiplication that exploits
cachelocality.

to eachof the tiles of the HTA along the dimensionspeci®edin
the third parameter. To apply the fft along the third dimension,
we needto make this dimensionlocal to a processor. For that,we
transposethe HTA using the HTA dpermute operatorexplained
above. Notice thatwhenprogrammingwith HTAs it is possibleto
determinewherecommunicationoccursif the distribution of tiles
acrosstheprocessorsis known.

3.1.2 Cir cular Shift

Thecommunicationpatternof thecircularshift (circshift ) oper-
atorappearsin Cannon'salgorithm[7], whichis shown in Figure8.
HereA andB arem � m HTAs tiled alongboth dimensionsand
mappedontoa meshof n � n processors.To implementCannon's
algorithm,the®rst loopshiftscircularly thetiles in AandBto place
themin theappropriateposition.To this end,tiles in row i of Aare
circularlyshiftedi-1 timesto theleft. Similarly, tiles in columni of
B arecircularly shiftedup i-1 times.In eachiterationof the main
loop, eachserver executesa local matrix-matrixmultiplication of
the tiles of A andB which eachprocessorowns.The result is ac-
cumulatedinto a local tile of theresultingHTA, C. Thentiles of A
andB arecircularly shiftedonce.Tiles of A arecircularly shifted
to the left, and tiles of B arecircularly shiftedup. At the endof
themain loop, theresultof thematrix multiplication is theHTA C
which is distributedacrossprocessorswith thesamemappingof A
andB. A moreconventionalimplementationof Cannon'salgorithm
will shift rowsof matrixAandcolumnsof thematricesBinsteadof
shifting tilesandthemultiplicationwill beelementby element,not
a matrix-matrixmultiplicationof tiles asin our HTA implementa-
tion. (The MATLAB * operatorhasbeenoverloadedsuchthat it
performsatile-by-tile matrixmultiplication).Themainadvantages
of the tiled approachis aggregationof datainto a tile for commu-
nicationandthe increasedlocality resultingfrom a singlematrix-
matrix multiplication over the elementby elementmultiplication.
We canfurther increasecachelocality by usingHTAs with two or
more levels of tiling. Thus,the tiled matrix-matrixmultiplication

function C = summa(A, B, C)
for k=1:m

T1 = repmat(A{:, k}, 1, m);
T2 = repmat(B{k, :}, m, 1);
C = C + T1 * T2;

end

Figure10. SUMMA Matrix Multiplication usingHTAs.

matmul of Figure9 canbe appliedto eachpair of corresponding
tiles by writing C = parHTA (@matmul, A, B, C) in the Can-
non's algorithmof Figure8. By usingparHTA(discussedin Sec-
tion 3.2), thematmul function is appliedin parallelto all the tiles
of HTAs A, BandC. In Figure9 thelevel(A) functionwill return
0 whenAis eitherascalaror amatrix.If Ais notascalaror amatrix
we have to recursively proceeddown into theHTA hierarchyuntil
wereachtheleaf tile of theHTA. Thefunctionsize(H,i) returns
thenumberof tiles of anHTA H alongthe i -th dimension.Notice
that the implementationof Cannon's algorithmthat usesmatmul
works correctly regardlessof the numberof levels of tiles in the
hierarchy.

3.1.3 Repmat

Anotherimportanttypeof communicationis replication(repmat)
whichappearsin theSUMMA Matrix algorithm[13] shown in Fig-
ure10.This algorithmis basedon theouterproductversionof the
matrix multiplication. In SUMMA, the resultCof the multiplica-
tion of thematricesA andB is computedastheadditionof Cwith
theouterproductof columnk of Aandrow k of B, for eachpossible
valueof k. In our implementation,matricesA andB aretiled and
distributedonetile perprocessoracrossa two-dimensionalproces-
sormesh.Thecolumnof tiles Af :,k g is replicatedon all columns
of processorsand the row of tiles Bf k,: g is replicatedalongall
rowsof processors.This replicationis achievedwith anoverloaded
versionof therepmat vectoroperator.

3.1.4 Logical Indexing

A more complex patternof communicationappearsin parallel
wavefront computations.This type of computationsresultsfrom
theparallelizationof codeswherethevalueof anelementdepends
on thevalueor valuesof neighborselementscomputedin previous
iterations.Thesecodescanbe ef®ciently parallelizedby comput-
ing in parallel the elementof eachdiagonalof the matrix, where
theangleof thediagonalis afunctionof thedependences.Thepro-
cessorscomputelocal databeforesendingthemto the processors
containingthedependentdata.Wavefrontcomputationscanalsobe
parallelizedin a tiled fashion,andfor that we usedlogical index-
ing. Figure11-(a)shows a Fortrancodewith a 2D wavefrontcom-
putation.The tiled HTA versionis shown in Figure11-(c),where
logical indexing is usedto determinethe tiles that canoperatein
eachiterationof thek loop. Thosetiles wherethecondition(x+y
== k) is truewill locally computethe2D wavefrontcomputation.
A pictorial view of how the computationadvancesacrosstiles is
shown in Figure11-(b),wherethe valuesof the x andy matrices
arealsoshown. In theFigure,A is a m � n HTA, distributedon a
m � 1 processormesh,sothatrowsof tilesaremappedto thesame
processor. The last two statementsin Figure11-(c) copy the last
row andcolumnof tiles that ®nishedthe computationin iteration
k to the®rst row andcolumnof the tiles thataregoingto startthe
computationin theiterationk + 1. A parallelwavefrontsimilar to
theoneshown in Figure11appearsin theLU NAS code.



for j=2:dimy-1
          

 
for j=2:n-1

for i=2:m-1
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for i=2:dimx-1
for k=2:m+n

x = y =

A{x+y == k}(i, j) = A{x+y == k}(i-1, j) + 
    A{x+y == k}(i, j-1);

A{x+y == k+1 & x>1}(1, :) = A{x+y == k & x<m}(dimx-1,:);
A{x+y == k+1 & y>1}(:, 1) = A{x+y == k & y<n}(:, dimy-1);

Figure11. 2-D wavefrontcomputation.(a)Fortrancode.(b) Pictorialview. (c) HTA codeusinglogical indexing.

3.1.5 Redistribution

A different patternof communicationappearsin a type of sci-
enti®c applicationsthat useAdaptive MeshRe®nement,wherea
portion of the meshneedsto be re-distributedacrossthe proces-
sors.Redistribution can be doneby selectingthe sectionof the
array underlying the HTA and specifying a new distribution: A
= hta(H(x1:x2, y1:y2), f partition vectors g, [m n]) ,
whereHTA Hcontainstheregion (x1:x2, y1:y2) , thatwe want
to redistribute.The region of interestis selected®rst, thena stan-
dard non-partitionedmatrix is generated.This matrix is, in turn,
partitionedusingtheappropriatepartitionvectors,in orderto dis-
tributetheresultingtiles ona m � n processormesh.

3.2 Global Computations

Thesimplestform of globalcomputationis achievedby operating
in parallelonasetof tilesfrom anHTA distributedacrossaparallel
machine.This canbeaccomplishedwith parHTA(@func, H) that
appliesthefunctionfunc . In MATLAB @funcrepresentsapointer
to function func . Many global computationstake the form of re-
ductionoperationswheretheoperatorcanbesum, max, or auserde-
®nedfunction.Theseoperationscanbeexpressedin HTA programs
with thereduceHTAmethod.Figure12showsamatrix-vectormul-
tiplication wherethe reduceHTAmethodis applied.A is an HTA
containingthematrixMXwhich is distributedacrossm � n proces-
sorsandtiled asspeci®edby partition A. Bis atwo-dimensional
HTA obtainedby replicatingthe hta V which containsthe vector
VXto multiply. TheHTA Vis replicatedmtimesasspeci®edby the
operatorrepmat(V,m,1) . SinceVis adistributedHTA replication
takesplacealongtheverticaldimensionof theprocessormesh.The
matrix-vector multiplication A * B takes place locally and each
processormultiplies its portion of the matrix A by its portion of
the vector in B. Notice that the row vectorB hasbeen®rst trans-
posedwithin eachprocessorby parHTA(@transpose,B) into a
column.After the multiplication,a reductionalongthe rows (the
seconddimensionasspeci®edin the3rdparameterof reduceHTA)
will generatetheresultingHTA Cwhich consistsof a columnvec-
tor distributedacrossthe m rows of our m � n meshand repli-
catedalongits n columnsof processors.This vectoris replicated
becausethereduceHTAoperatorwasinvokedwith thelastparam-
eterset to true , which indicatesthat it is an all-to-all reduction.
The corecomputationof NAS CGbenchmarkis a sparsematrix-
vectormultiplication.Notice that thecodeis highly simpli®edby
theoverloadingof arrayoperatorssothatthey alsoapplyto sparse
arrays.

4. Two Implementations
We have developed implementationsof the HTA class for two
sequentiallanguages:MATLAB and C++. We have also imple-
mentedan extensionof the X10 parallel languagedevelopedby
IBM in which HTAs replacedistributedarrays.We implemented

A = hta(MX, {partition_A}, [m n]);
V = hta(VX, {partition_B}, [m n]);
B = repmat(V, m, 1)
B = parHTA(@tranpose, B)
C = reduceHTA('sum', A * B, 2, true);

Figure12. HTA codefor matrix-vectormultiplication

HTAs as a classusing the OO capabilitiesof eachof thesetwo
languages.Althougha singleimplementationcouldbeusedacross
languages,we decidedto develop a different implementationfor
eachoneof theselanguagesmainly becauseour ®rst implementa-
tion, developedfor MATLAB , demonstratedthat, for many com-
putationsit is dif®cult to obtainreasonableabsoluteperformance.
To avoid the inef®cienciesof MATLAB , we reimplementedthe
library in C++ and X10. To obtain the syntaxof HTA shown in
theprevioussections,weappliedtheoperatoroverloadingcapabil-
itiesof MATLAB . Sofar, wehavenot takenadvantageof operator
overloadingin our C++ implementationand,asa result, the cur-
rent notationis somewhat verbose,but this will be ®xed. Below,
we brie�y discusstheMATLAB andC++ implementations.

4.1 MATLAB

The purposeof our ®rst implementationon MATLAB was to
demonstratethata conventionalsequentiallanguagecouldbeeas-
ily extendedfor parallelcomputationusingHTAs. MATLAB was
anaturalchoicefor thisexperimentbecauseof its arraysyntaxand
OO capabilities.We found that MATLAB 's syntaxfor cell array
accesses,generalizedwith triplet notationandextendedto allow
operationsbetweencomponents,wasconvenientto representHTA
accessesandthereforewe adoptedit. HTAs wereimplementedas
a MATLAB toolbox programmedin both C and MATLAB with
invocationsto MPI primitives.TheMATLAB toolboxmechanism
provedadequateto implementwith reasonableef®ciency andnat-
uralsyntaxall neededHTA operationsexceptfor theforall array
operation.However, wewereableto developanelegantimplemen-
tationof all thecodeswe studiedwithout forall .

Our ®rst MATLAB implementationof HTAs followed the
client/servermodelin whichthemainthreadis executedonawork-
stationandHTAs arestoredandmanipulatedin a distributedsys-
temthatoperatesasa co-processor. Althoughthis approachfacili-
tatesprogramunderstanding,it requirestoo muchcommunication
betweentheworkstationandtheprocessorsin thebackgroundpar-
allelmachine.Wedecidedto changetheimplementationto follow a
SPMDexecutionmodelalthoughtheprogrammercouldstill think
in termsof theclient-server modelto understandthefunctionalbe-
havior of theprogram(but, of course,not to analyzeperformance).
This wasachievedby executingtheprogramon all processorsand
replicating on eachprocessorscalarvariables,arrays,and non-
distributedHTAs. All processorsredundantlyexecutethe compu-



Nprocs EP(CLASSC) FT (CLASSB) CG(CLASSC) MG (CLASSB) LU (CLASSB)
Fortran+ Matlab+ Fortran+ Matlab+ Fortran+ Matlab+ Fortran+ Matlab+ Fortran+ Matlab+

MPI HTA MPI HTA MPI HTA MPI HTA MPI HTA
1 901.6 3556.9 136.8 657.4 3606.9 3812.0 26.9 828.0 15.7 245.1
4 273.1 888.8 109.1 274.0 362.0 1750.9 17.0 273.8 6.3 60.5
8 136.3 447.0 65.5 159.3 123.4 823.6 9.6 151.3 2.9 29.9
16 68.6 224.8 37.2 87.2 89.5 375.2 4.8 87.0 1.2 16.0
32 34.7 112.0 20.7 42.9 48.4 250.3 3.3 54.9 1.1 9.8
64 17.1 56.7 10.4 24.0 44.5 148.0 1.6 50.4 1.3 7.1
128 8.5 29.1 5.9 15.6 30.8 123.0 1.4 38.5 1.6 N/A

Table 1. Executiontimesin secondsfor someof the applicationsin theNAS benchmarksfor Fortran+MPIversusMATLAB +HTA. The
executiontime for 1 processorcorrespondsto theserialapplicationin Fortranor MATLAB , withoutMPI or HTAs.

tationnot involving distributedHTA operations.Sinceall dataare
replicated,the behavior in eachprocessoris exactly the sameas
whatwould bethebehavior of theclient exceptthatno communi-
cationis necessaryto usedatafrom themain threadin operations
on distributedHTAs. On invocationof a methodon a distributed
HTA, eachprocessorappliesthe correspondingoperationto the
tilesof theHTA it owns.

Theincorporationof HTAs in MATLAB producedanexplicitly
parallelprogrammingextensionof MATLAB thatintegratesseam-
lesslywith thelanguage.Most otherparallelMATLAB extensions
eithermake useof extraneousprimitives(MultiMATLAB [24]) or
do not allow explicit parallelprogramming(Matlab*P[17]). Also,
the incorporationof HTA givesMATLAB a mechanismto access
andoperateontilesmuchmorepowerful thanthatprovidedby their
native cell arrays . The main disadvantageof the implementa-
tion is thattheimmenseoverheadof theinterpretedMATLAB lim-
its theef®ciency of many applications.The threemainsourcesof
this overheadare:

� Excessivecreationof temporary variables.MATLAB createstem-
porariesto hold the partial resultsof expression,which signi®-
cantlyslows down theprograms.

� Frequentreplication of data. MATLAB passesparametersby
valueandassignmentstatementsreplicatethedata,and

� Interpretationof instructions.Theoverheadresultingfrom thein-
terpretationof instructionsis morepronouncedwhenthecompu-
tationreliesmainlyon scalaroperations.

Table1 presentsthe executiontime for Fortran+MPIandour
MATLAB +HTA implementationsof most of the NAS bench-
marks.The tableshows the executiontimesin secondswhenthe
applicationsexecuteonaclusterof up-to128processors.Eachpro-
cessoris a 3.2GHz Intel Xeonconnectedthrougha GigabitEther-
net.For the NAS benchmarkswe usedthe version3.1, andcom-
piled them with the INTEL ifort compiler, version8.1, and �ag
-03. For MATLAB we usedthe version7.0.1 (R14). Finally, for
MPI weusedMPI-LAM [6].

The execution time for 1 processorcorrespondsto the serial
executionof the pureFortranor MATLAB codewithout MPI or
HTAs. Resultsin Table1 correspondto the classC input for EP
andCG,andclassB for MG, FT andLU.

As canbeseenin thetable,in thecaseof EPandFT theparallel
MATLAB codetakesadvantageof parallelismleadingto execution
timesthatareof thesamemagnitudeasthoseof theFortran+MPI
code.In the caseof CG our parallel MATLAB doesreasonably
well, althoughnot as well as the Fortran+MPI version that ob-
tainssuper-linearspeedupswhenthenumberof processorsis 64or
smaller. However, for MG andLU theperformanceof thesequen-
tial MATLAB implementationwasslow and,in the caseof MG,

the parallel MATLAB doesnot improve upon the serial Fortran
version.Similarly, for BT (not shown) theserialMATLAB version
runssoslow that,eventheparallelversionis not comparablewith
its sequentialFotrancounterpart.Overall,for EP, FT andCGwhere
thesequentialMATLAB versionruns1 to 5 timesslower thanthe
Fortranversion,the parallelMATLAB implementationdoesrea-
sonablywell improving upon the serialFortranversion.In these
cases,it couldbesaidthatparallelismat leastcompensatesfor the
interpretationoverhead.For 128processorstheparallelMATLAB
obtainsspeedupsof 30.9,8.8 and29.3over thesequentialFortran
counterpartfor EP, FT andCG,respectively.

4.2 C++

In the C++ implementation,HTAs are representedas compos-
ite objectswith methodsto operateon both distributedandnon-
distributed HTAs. As in the caseof MATLAB , MPI is used
for communicationand, while the programmingmodel is single
threaded,HTA C++ programsexecutein SPMD form. To facil-
itate programming,our C++ implementationenforcesan alloca-
tion/deallocationpolicy throughreferencecountingasfollows: (1)
HTAs are allocatedthrough factory methodson the heap.The
methodsreturn a handlewhich is assignedto a (stackallocated)
variable.(2) All accessesto the HTA occur throughthis handle,
which itself is small in sizeand typically passedby valueacross
procedureboundaries.(3) Onceall handlesto an HTA disappear
from thestack,theHTA andits relatedstructuresareautomatically
deletedfrom memory. This designpermits sharingof sub-trees
amongHTAs andalsoprecludesdeallocationerrors.Moreover, the
temporaryarraysthat are for instancecreatedduring the partial
evaluationof expressions,arehandledthroughthismechanismand
deletedautomaticallyasearlyaspossible.

Performanceis oneof themaingoalsof our C++ implementa-
tion. Methodswereoptimizedandwhenever possiblespecialized
for speci®ccases.Also, theuseris givencontrolover thememory
layoutof non-distributedHTAs. In MATLAB thelayoutwasin the
handsof thesystemandtheuserhadno way of in�uencing it. Fi-
nally, to enableef®cientaccessto scalarcomponentsof HTAs, the
implementationwasorganizedto guaranteethathot methodswere
inlined. This last strategy enabledthe codeswritten using the li-
braryto haveperformancesimilar to thatof traditional(non-HTAs)
implementations.For example,thecodein Figure13representsthe
multiplicationof two two-dimensionalarraysrecursively tiled.The
codeis similar to theMATLAB codeshown Figure8.

Thecodein Figure13 shows thedeclarationof theHTAs A, B,
andC. The function alloc is the factorymethodthat createsthe
HTAs. It takes as input the completetiling information for each
HTA, numberof tiles in eachdimension(xtiles,ytiles) , tile
size (tile size x, tile size y) , and memory layout (ROW,
COLUMN, or TILE). Thefunctionmult is recursive.Whentheinput



typedef Tuple<2> T;

HTA<double, 2, 1> A, B,C;
A =HTA<double, 2, 1>::alloc((T(xtiles, ytiles),

T(tile_sz_x,tile_sz_y)),ROW) ;
B =HTA<double, 2, 1>::alloc((T(xtiles, ytiles),

T(tile_sz_x,tile_sz_y)),ROW) ;
C =HTA<double, 2, 1>::alloc((T(xtiles, ytiles),

T(tile_sz_x,tile_sz_y)),ROW) ;

template <int LEVEL>void mult(
HTA<double, 2, LEVEL>A,
HTA<double, 2, LEVEL>B,
HTA<double, 2, LEVEL>C) {

int M = A.shape()[0].size();
int N = B.shape()[0].size();
int Q = B.shape()[1].size();
for (int i = 0; i< M; i++) {

for (int k = 0; k < N; k++) {
for (int j = 0; j< Q; j++) {

mult (A[T(i,k)], B[T(k,j)], C[T(i,j)]);
}}}

}

void mult(double& A,double& B,double& C)
{

C += A * B;
}

Figure13. Recursive matrixmultiplicationin C++ usingHTAs

template <> void mult(
HTA<double, 2, 0> A,
HTA<double, 2, 0> B,
HTA<double, 2, 0> C){

int M = A.shape()[0].size();
int N = B.shape()[0].size();
int Q = B.shape()[1].size();
for (int i = 0; i< M; i++) {

for (int k = 0; k < N; k++) {
for (int j = 0; j< Q; j++) {

C[T(i,j)]+=A[T(i,k)]*B[T(k,j)];
}}}

}

Figure14. Specializationof mult for LeafHTAs

HTAs have 1 or more levels the generalmult function is called.
Whenthe recursionreachesthe scalars®nally, the function mult
for scalarsis called.

It is possibleto specializemult andterminatetherecursionata
differentlevel.For examplein Figure14,therecursionendsatlevel
0. At this point, an optimizedlibrary generatedcodecanalsobe
usedto performthematrix-matrixmultiplication.For example,in
Figure15 themini-MMM codegeneratedby ATLAS [25] is used.
The mini-MMM codeis optimizedfor matrix-matrix multiplica-
tion of smallermatricesthat ®ts into the cache.It bene®tsfrom
optimizationslike register-level tiling, unrolling and prefetching.
In all the ®gures,T(i, j) representsthe subscriptpair (i, j) .
Thecodeof Figure13-15canbetunedfor practicallyany memory
hierarchycon®guration.This can be accomplishedwith minimal
modi®cationsto thesourcecode,by changingthenumberof levels
andsizesof thetiles in theHTA constructor.

template <> void mult(
HTA<double, 2, 0> A,
HTA<double, 2, 0> B,
HTA<double, 2, 0> C){

ATL_Mini_MMM(A,B, C);
}

Figure 15. Specializationwith a call to a wrapperfunctionthat in
turncallsthemini-MMM codegeneratedby ATLAS.

Approach Implementation AddressSpace Control
Language Library Global Local MT ST

CAF
p p p

GAS
p p p

HPF
p p p

HTA
p p p

MPI/PVM
p p p

POET
p p p

POOMA
p p p

Titanium
p p p

UPC
p p p

X10
p p p

ZPL
p p p

Table3. Characterizationof parallelprogramminginfrastructures

To giveanindicationof theoverheadof ourcurrentC++ imple-
mentation,weshow in Table2 theperformanceresultsin MFLOPs
for matrix-matrix multiplication (MMM). Resultsare shown for
differentmatrixsizesandsix differentversions:anä�ve implemen-
tationof MMM with 3 nestedloops(Na•�ve 3 loops ), a tiled ver-
sionwith 6 loops(Tiled 6 loops ), our HTA matmulimplemen-
tation in Figure13(HTAna•�ve ), anHTA matmulimplementation
wheretheMMM codefor level 0 hasbeenimplementedusingthe
mini-MMM codegeneratedby ATLAS [25] (HTA+ATLAS), ATLAS
and the INTEL MKLlibrary [1]. For ATLAS we usedthe MMM
codewith the parametervaluesthat ATLAS found to be optimal
for tile size,andregisterblocking parameters,amongothers.No-
tice thatSSEmultimediaextensionswerenotusedfor HTA+ATLAS.
For thetiled implementations(all exceptNa•�ve 3 loops ) weused
a squaretile of 36 � 36, which is thevaluethatwe foundto bethe
optimalfor themachinewherewe rantheexperiments(anINTEL
Pentium4 with 3.0 Gz and8KB in L1). For Na•�ve 3 loops and
Tiled 6 loops we show resultsusingthe gcc compiler, version
3.2.3.For the HTA implementationswe usedg++, version3.2.3,
sinceour HTA implementationhasbeendonein C++.For ATLAS
weusedtheversion3.6.0andfor theINTEL MKL library weused
theversion8.0.Notice that INTEL MKL runsfasterthantheoth-
ersbecauseit usesINTEL SSE2vectorextensions,while all the
otherversionsusescalarcode.As canbe seenby comparingthe
HTA+ATLAS with the ATLAS column, the overheadintroduced
in our currentimplementationby onelevel of HTA is between8
and13:5%.

5. HTAs and Other Parallel Programming
Infrastructur es

In this section,we comparethe HTA approachwith someof the
otherparallelprogramminginfrastructures.Table3 presentsasum-
maryof themaincharacteristicsof theprogramminginfrastructures
discussedin this section.The ®rst columnclassi®esthe program-
ming infrastructureaccordingto the type of implementation.(1)
librariescontainingoperationsthat representcommunicationand



Matrix Size Nä�ve 3 loops Tiled 6 loops HTA nä�ve HTA+ATLAS ATLAS Intel MKL(1)
504 161 657 675 2069 2387 3624
1008 150 649 679 2192 2384 3762
2016 133 632 675 2216 2492 3821
3024 135 644 668 2245 2509 3716
4032 36 588 613 2217 2519 3752

Table 2. Performancein MFLOPSfor differentversionsof matrix-matrixmultiplication.(1) MKL usesSSE2vectorextension.

datasharingonprogramswheretherestof theoperationsarerepre-
sentedin conventional,sequentialconstructsand(2) programming
languageconstructsor directivesdesignedto representparallelism
implicitly or explicitly. Thesecondcolumnclassi®estheinfrastruc-
turesaccordingto theaddressspaceseenby eachcomponentof the
parallelprogram.Exceptfor themessage-passinglibrary approach,
wherea threadof executionis only allowed to referencedatalo-
catedin the nodewhereit is running (local view), all other pro-
grammingmodelsallow the threadsto accessdatalocatedin any
node(globalview). Thethird columndistinguishesbetweenthose
approacheswherethe operationsof eachindividual threadmust
bespeci®edseparately(multiple-threadedor MT) andthosewhich
provide a single-threaded(ST) view of the computation.We now
comparethelibrary andlanguageapproachesin threeseparatesub-
sections:discussingthe HTA approach,other library approaches,
andthelanguageextensionapproach.

5.1 The HTA library

As we have seenin Section4, the HTA classcan be integrated
in a very natural way in different languagesthanksto operator
overloadingandthepolymorphicfeaturesof currentOOlanguages.
Thus,the resultingprogramstendto be morereadablethanthose
basedon conventionallibraries.As mentionedin the introduction,
themostimportantcharacteristicthatdistinguishesHTAs from all
other approachesis the considerationof the tile and its possible
hierarchicaldecompositionas®rst-classconcepts.This makesthe
HTAs ideal to designand write programsthat can be naturally
expressedin termsof blocks (e.g.. several matrix multiplication
algorithms-Cannon[7], Summa[13]-, solvers suchas LU, etc.)
or which can be solved recursively (e.g., FT). Such blocks can
be usedto achieve parallelismor data locality or both, possibly
usingseverallevelsof tiling for differentpurposes.With HTAs it is
easyto adjustthepoint whererecursive computationsendandthe
iterative solutionsstartby changingthenumberof levelsof tiling.

As shown in Table 3, HTA and POOMA [23] are the only
library-basedapproachesthatprovideaglobalview of thedataand
follow asinglethreadedprogrammingapproach.Thiscombination
helpsprogrammers'productivity in at leasttwo ways.First, pro-
grammerscanusefamiliarsequentialprogramminglanguages,and
reusesequentialmodules,perhapswith small changes.Therefore,
programmerscanwrite parallel programspractically in the same
way they write sequentialprograms.Second,the single-threaded
semanticsof HTAs easesthe transition from sequentialto par-
allel becauseprogrammersneednot be concernedwith the pro-
gram's behavior on a per processorbasis,deadlocks,racecondi-
tions,etc.,sinceparallelismandsynchronizationareimplicit. The
single-threadedpropertyalsoimprovesreadability. Furthermore,in
thecaseof HTA, �attening enablesgradualmigrationof sequential
applicationsto parallelform.Thiswastheapproachwefollowedin
our translationof theNAS benchmarksfrom sequentialMATLAB
to theHTA-basedparallelversion.

A goodindicationof thebene®tof thesingle-threadedform is
obtainedby comparingthenumberof linesof codeof theHTA with
thoseof MPI programs.Althoughthenumberof linesof codeis not
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Figure16. Linecountof key sectionsof HTA andMPI programs.

thebestmetricto measureeaseof programming,it cangivearough
estimateof programcomplexity. The plot in Figure16 shows the
lines of codefor HTA andMPI codes.SinceMATLAB language
doesnot have declarations,we ignoredthoselines from theFOR-
TRAN/MPI codesaswell. Eachbarshows thelinesof codefor the
computation,communicationanddatadecompositionsectionsof
thecodes.Thedifferencein thenumberof linesof computationis
not relevantto ourdiscussionheresinceit is dueto thecharacteris-
ticsof theMATLAB language,especiallytheavailability of vector
operations.However, the othertwo numbersaregoodindications
of easeof programmingandclearlyshow theadvantagesof HTAs.
Thus,the lines of codefor communicationaresigni®cantlylower
in HTA programs.The reasonis that HTA programsonly need
assignmentinstructionsto performcommunication,while in MPI
programs,in additionto thesendandreceive instructions,packing
andunpackingdataandcheckingboundaryconditionsin thecom-
municationarealsoneeded.HTA programsalsohave signi®cantly
fewer datadecompositioninstructions.HTAs are partitionedand
distributedusingthesingleHTA constructor, while MPI programs
needto computethelimits of dataownedby eachprocessor, neigh-
borsof agivenprocessor, activesetof processorsin agivenstepof
theprogram,etc.

A downside of the single-threadedapproachis that asyn-
chronousoverlapis not easyto expressexplicitly. However, much
of this overlapcanbeachievedautomaticallywith theappropriate
implementation.

A valuablepropertyof aprogrammingapproachis theability to
convey to theprogrammersthecostof theexecutionof their code.
This is particularlytruein thecaseof parallelenvironments,where
communicationcostscaneasilydominatetheexecutiontime.HTAs
arefaithful to this idea:thestatementsthat requiredatacommuni-
cationareclearlyidenti®edin thecodeeitherbecauseof theusage



of differentindexesin thetiles,or becauseof theinvocationof func-
tionsthatinvolvedatacommunication(transposition,circularshift,
etc.).

HTAs have also drawbacks.For example, just as the other
global-view approaches[12], they only allow limited forms of
task-parallelism.Other limitations aredueto the implementation.
For example,our currentimplementationasa library forcesto use
dynamicanalysistechniquesto determinethecommunicationpat-
terns requiredwhen data is to be shuf�ed amongprocessors.A
compiler could calculatestatically thosepatternswhen they are
regularenough,andgeneratea codewith lessoverhead.

5.2 Other Library Approaches

The mostpopularparallelprogrammingapproachfor distributed-
memorysystemsis the useof a messagepassinglibrary suchas
MPI [15] or PVM [14]. In this approach,theprogrammerhasa lo-
calview of thedatastructuresandmustwrite programsthatexecute
in a SPMD fashion.The communicationand computationstate-
mentscan be interleaved in an unstructuredmanner, potentially
leadingto programsthataredif®cult to understandandmaintain.

An improvementoverthisapproachis theusageof librariesthat,
while requiringSPMDprogramming,providetheuserwith aglobal
view of the datastructures.This is the caseof the Global Arrays
library [20] or the POET framework [4]. However, the SPMD
programmingstyleandtherequirementof explicit synchronization
complicatesprogramming.

OtherlibrarieslikePOOMA[23] integratetheirclassesin ahost
OO language,andexploit operatoroverloadingandpolymorphism
in orderto provide a globalview of thedataanda single-threaded
view of the computation,asour HTA library. However, POOMA
differsin fundamentalwaysfrom ourapproach.For example,while
POOMA's arrayscan be distributed in tiles, the library provides
no easymeansto explicitly refer to thosetiles. Also, hierarchical
decompositionis not natural to POOMA's arrays,while it is a
de®ningpropertyof HTAs.

5.3 Language/CompilerBasedApproaches

Severalinfrastructuresarebasedonnew languageswith constructs
to controlconcurrency anddistribution. As we canseein Table3,
all the language-basedapproachesprovide a global view of the
data,but they can be classi®edin two groupsaccordingto their
view of thecontrol�o w: Themultiple-threadedlanguages,likeCo-
Array Fortran(CAF) [21], Titanium[27],UPC[8] or X10 [11]; and
singlethreadedform like High PerformanceFortranHPF[16, 18]
andZPL [9]. All theseapproaches(exceptHPF) sharea common
drawback:they forceprogrammersto rewrite their applicationsin
parallelfrom scratch,aneffort thatcanbeamelioratedby providing
interfaceswith codesandlibrarieswritten in otherlanguages.

5.3.1 Multiple-thr eadedLanguages

The control model of many language-basedinfrastructuresis ex-
plicitly parallelSPMD in which programmersareresponsiblefor
managingdatadistribution andlow-level synchronization.An ad-
vantageof theselanguagesis thatthey aremuchmoresuitablethan
thesingle-threadedcounterpartsfor expressingtaskparallelism.

Anothercommoncharacteristicof theselanguagesis that they
provide a Partitioned Global AddressSpace(PGAS), in which
any threadof executioncan createobjectsthat can be accessed
by otherthreads.And eachthreadandpieceof datais associated
with exactly one nodeof execution.They typically provide also
constructsto distinguishbetweenremoteandlocal accesses.This
helpsprogrammersreasonaboutthecostof their codes.

5.3.2 Single-ThreadedLanguages

In single-threadedlanguages,communicationandsynchronization
are no longer responsibilityof the programmer, but of the com-
piler. Programswritten in this model tend to be shorterandeas-
ier to understandandmaintainthanthoseexpressedin local view
languages,which increasesprogrammers'productivity. Thedown-
sidesof theselanguagesaretheir limited ability to expressirregular
parallelismandtheresponsibilitythey putoncompilertechnology,
which maynot bedevelopedenoughto generateef®cientcodesin
somesituations.

Differentstrategieshave beenstudiedto provide parallelcodes
with a global view of the algorithmsto execute.For example,
High PerformanceFortran (HPF) [16, 18] annotatessequential
Fortrancodeswith directives that specifyarraydistribution, loop
scheduling,etc. Thesedirectives are optional, and there is little
informationabouthow the compilerwill translatethem.The lack
of aclearperformancemodelmakesit dif®cult for programmersto
reasonaboutanalgorithm's performance.[19].

Another approachis designa languagefrom scratch,which
is the caseof ZPL [9]. This languageis designedin order to
minimize the effort of the compiler. Its syntaxallows to identify
the operationsthat generatecommunicationand their qualitative
costin asimilar way to ourHTAs.

6. Conclusions
In this paper we have introduced Hierarchically Tiled Arrays
(HTAs). Our experiencewith the implementationof the NAS
benchmarksanda few kernelsusingthis new datatype indicates
thatHTAs areaneffective device for thedevelopmentof high per-
formanceprogramsthatarereadable,easyto developandmaintain.
During this studywe determinedthatwell-known arrayoperations
canbe overloadedto representcommunicationandparallelcom-
putationandthat,at leastfor theNAS benchmarksandthekernels
we considered,aresuf®cient to representef®cient implementation
of parallelalgorithmsandalgorithmswith a high degreeof local-
ity. We expect that the study reportedin this paperwill lead to
usefulportablelibrariesandprovide insightsusefulfor thefurther
developmentof vectorconstructsandvector languages.This last
issueis particularly importantsincevectoroperationsarea pow-
erful mechanismto expressparallelismin a structuredmannerfor
many classesof algorithms.
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