CS 420 MACHINE PROJECTZ2

Due date: Friday, March 10, 2006

M P2 QOutline

In this Machine Project, you are to implement a linear solvée way we want you to numer-
ically solve a system of linear equations is by (i) first pemiong theGaussian elimination (pos-
sibly with pivoting), and then (ii) solving the resulting triangular systembagk-substitution.
Your system is to beguadratic (that is,n equations im unknowns) anahon-homogeneous.

Mathematical Background: Systems of Linear Equations

A system ofn linear equations im» unknowns has the following general form:

a11T; + @12T2 + ... + 1Ty, = by
a21%; + A% + ... + Ao Ty,, = by
(1)

An1Ti + Ap2T2 + ... + AT = bn

In the sequel, we will only consideton-homogeneous systems where at least ohgis not
equal to zero. Also, for simplicity, instead of arbitraegtangular systems as the one above, we
will only consider thesquare systems where = m.

Gaussian elimination, in terms of elementary matrix operations, is a systemadig of reduc-
ing an arbitrarydense matrix to itsupper triangular form. An upper triangular matrix has all
entries below the main diagonal equal to zero, u€i,j) = 0 for i > j. After the system (1)
is reduced to its upper triangular form, it is subsequertdlyed for the values of,,, ..., z; via
the back substitution. This procedure is essentially how you were taught to sol2ebg-2 or a
3-by-3 system of equations in high school. The first step efithick substitution is to solve for
z,; thatis done by simple divisiony,, = b/, /a,,,, Whereb; anda;; pertain to the values on the
right-hand side of the system and to the coefficients on tiidnéel side, respectively, once the
Gaussian elimination procedure has been completed. Treeadrack substitution step is of the
form



n

1
Ty = o (v = > ajy) (2)
w Jj=i+1
where the values of;, 1, ..., x,, have already been determined.
Notice that the above system may fail to have a solution attwgy; for more details, see any

linear algebra textbook.

M atrix Formulation

Let A € R™ x R™ be a square matrix with real entries, andilet R" be ann-dimensional
real-valued vector such that # 0" (whereT stands for transpose). By convention, vectors
such a9 are treated as n-by-1 matrices (i.e., single column mayjeehile their transposes are
treated as 1-by-n matrices (that is, single row matriceshoA-homogeneous system of linear
eguations can be written in matrix notation as

Az=b A3)

and the goal is to solve this system for the vecton afnknowns, z = [z1, ..., z,]7. Gaussian
elimination procedure transforms the equation 3 into itsedent form,

A=V 4)

where matrixA’ is upper-triangular. The one solves for the unknownsga the back-substitution.
Just like matrix multiplication, Gaussian elimination iimdefault form) is a triple-nested-loop
procedure that can be implemented in several different wHys canonicakij implementation
is given by the following pseudo-code:
DO k=1ton-1
alk+1:n, k) = a(k+1:n, k)/a(k, k)
DO i=k+1ton
DO j=k+1 to n
a(iaj) = a(imj) - a(i> k) ’ (I(k‘,j)
END DO
END DO
END DO
You are required to implement, as a sequential program, amlyeoremaining five canonical
versions, and then to parallelize that sequential progrémnespect to your outermost loop.

Partial Pivoting

Gaussian elimination with back substitution involves @pd division by the main diagonal
elements, (the current value of);; (or, in matrix notationa’(i,7)). Obviously, this cannot
be done ifa;, = 0. Moreover, even if this value isn’t exactly zero, but is vetgse to it (say,



if a; = 0.001, and some or all of othew;;,’s are much larger in absolute value tha(p),
then, even though the floating point division is possible,dhtlined algorithm may suffer from
numerical instability. To avoid such problems, you are tplement, if neededartial pivoting.
Partial pivoting is a systematic procedure of pairwise guag of matrix rows, so that, in each
iteration, the current value of, (calledthe pivot) which is to appear as a denominator, is of a
sufficiently big absolute value. One rule of thumb on how tstegnatically choose the pivot is
that, in each iteration, the absolute value of the pivot &hbea the largest in its column.

So, before performing each division by the then curegpt you should first test ifla,| > €,
where ¢ is some small positive threshold constant. df, passes the test, you proceed as if
you would without pivoting. If, however,a,, fails the test, then you look for a roysuch
that, if you swap rowg andk, the elementa;k, which would then become the new pivoting
element in the positior{k, k), passes the-test and is as big (in the absolute value) as possible.
Clearly, each time you swap two matrix roysand k, you also must swap the RHS entrigs
andb,. Once again, this swapping of the matrix rows (and the cpaeding entries of vectad)
is calledpartial pivoting.

For more details, see any standard text on numerical lingabgea, check the newsgroup in a
couple of days, or see the instructor or the TA.

M P2 Implementation and Submission

As for MP1, you can choose either Fortran or C as your impleatem language. The parallel
part of your project again is to be implemented using Open MRimvFortran or C. You are
expected to submit (i) a single program file with an impleragan of all required variants of the
Gaussian elimination based linear solver, (ii) a .doc of (pdplain ascii text) file with a brief
analysis and performance plots, and, optionally, (iii) finegram file that generates the linear
system of equations (i.e., your input) for the linear sob@dle provided in (i).

Your linear sequential and parallel linear solvers shoubdkior n x n systems of any (rea-
sonable) size. You are to generate the matrix of coefficiehtand the right-hand side vector,
b. Choose the values of, j) andb; in some bounded range, say, the real (really, floating point)
interval [—100.00, +100,00]. Expectn to be of the order of magnitude of several hundreds
(similarly to MP1).

More details on the specific requirements will be postedeatiurse newsgroup in the upcom-
ing days. Feel free to ask any questions you may have, eithéh@ newsgroup or by emailing
the TA directly.

Note for the graduate studentsregistered for 4 credit hours

The extra-credit part of MP2 will be posted within a couplelaf/s.



