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1 Introduction

We will now study several algorithms where the parallelism can
be easily expressed in terms of vector operations.

Simplistic timing figures will be given in some cases for
pipelined machines, array machines, and multiprocessors.

In these timings, parallelism overhead, subscript computations,
and memory access/communications costs will be ignored.
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2 Time to execute a vector operation

Let us start with the simplest possible situation. Consider the
following generic vector operation:

a(l:n) # b(1:n)

First, let us assume a pipelined arithmetic unit with s stages for
operation #. Each stage takes 1 units of time.

The time to execute the vector operation under these
assumptions is :

tpipeline = (s+(n-1))r

Compare this with the serial time when no pipelining takes

place:

t = SIn

serial
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Consider now an array machine with P arithmetic units, or a
multiprocessor with P processors.

The execution time is:
- n
tparallel B stt#

where t4 is the time to execute one # operation.

In a system where each processor contains an arithmentic
pipeline, the execution time would be:

t . = (s=1)+| D]t
parallel &pipeline (( ) [pD
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3 Time to Execute a Reduction

s = a(l) + a(2) + a(3) + ... a(n)
N N N
<

®
\@/
A sequence of[ log,n | vector operations of length n/2, n/4, ..., 1

suffices to compute the reduction (assuming associativity).

Therefore (assuming n=2"):
logn

wptne = X, (+-4+(3) = Gs-vons -y

5 of 34



In the case of an array machine if the final reduction is done in
logarithmic time, the execution time is:

_[n
tarallel = {IBWH +[logPt,

If P >= n, the time is:

toarallel = [lognit,
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4 Parallel Prefix

Consider the following loop:

The loop seems sequential because each iteration needs

A(0) =

O

DO | =1, N

A1) =A(1-1)+B(1)

END DO

information on the value computed in the preceding iteration.

However, we can use a parallel prefix approach to compute the
value of vector A in parallel as follows:

B(3) +B(4)

B(1) B(2) B(3) B(4) B(N)
B( 1) B(1) +B(2) | B(2)+B(3) | B(3)+B(4) B(N- 1) +B(N)
B( 1) B(1) +B(2) |B(1)+B(2)+| B(1)+B(2)+ B( N- 3) +B( N- 2)
B( 3)

+B(N-1) +B(N)
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A parallel program implementing this strategy under the
assumption that N=2K js:

A(1: N=B(1: N
DO I =1, K-1

A(L+2** (1 -1D): N =A(1+2** (1 -1): N) +A(L1: N-F2** (1 -1))
END DO

For an array machine with the number of procesing units P>=n:

toarallel = tyllogn]|
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5 Examples of Speedup and Efficiency

Consider
a(l:n) + b(1l:n)

The speedup, efficiency, and redundancy on a pipelined unit
are:

S = stn _ _sn
S 1[s+(n=1)]  s+n-1

E = SN _ n -
S st[s+(n-1)] s+ (n-1)
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In an array machine or multiprocessor:

—[n
tparaIIeI B L;WH

nt+_n

YRR

The value of Sp is P if n is a multiple of P.
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The speedup, efficiency, and redundancy of the parallel prefix
example on an array machine or multiprocessor with P=n are:

n
O, (n-1)+(n-2) + ... +(n—§) a(logn—1) + 1

R = = = = |
n O1 n n-1 ogn
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6 Matrix-Vector Multiplication

In mathematical notation:

In Fortran:
do i =1, m
R(i) =

do j =1,

R(i)
end do
end do

O
N

A1p A - Al |V
Axp Agp o Agpl| V2
At Az A [V

R(I) + A(1,])

*

n

D ALY

=1

n
DAY

=1

V(1])
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do 1 =1, m
R(i1)=DOT_PRODUCT(A(i,1:n),V(1:n))
end do

The dot product is a vector multiplication (of length n, in this
case) followed by a reduction.

Time in a pipelined machine for a dot product:
(stn=-1)1+((s—1)logn+(n—=1))T = [(s—1)logn+s+2(n—-1)]t
The total time for the matrix-vector multiplication is then:

m[(s—1)logn +s+2(n-1)]t

In an array machine or in a multiprocessor, the time if P>n is:

(t,m([logn]+1))
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Alternatively, by interchanging the loop headers, the program
could be written as follows:
do j =1, n
do I =1, m
R(i) = R(1) + ACi,J) * V(J)
end do
end do

This leads to the following sequence of vector operations:
do j =1, n

R(C1I:mM=R(1:m+A(1: mj)*V(])
end do

The time for this loop in a pipelined machine is:

n(s+m-1)t
In an array machine or in a multiprocessor, the time (if P > m)
IS:

t,2n
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7 Matrix-Matrix Multiplication

1. Inner product method.

Matrix multiplication is usually written:
do i =1, n
do j =1, n
do k=1, n
C(i,))=C(i,])+A(I, k)*B(Kk,])
end do
end do
end do

The most direct translation of this program into vector form
IS:
do i =1, n
do j =1, n
C(i,j)=DOT_PRODUCT(A(i,1:n),B(1:n,j))
end do
end do
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The time on a pipelined machine is:

n2((s— Dlogn+s+2(n—1))1

The time on an array machine or multiprocessor if P > n is:

(t,[logn] +t,)n
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2. Middle-product method (n-parallelism)

This is obtained by interchanging the headers in the original
matrix multiplication loop.

do j =1, n
do k=1, n
do i1 =1, n
C(i,J)=C(i,])+A(1, k)*B(k, )
end do
end do
end do

The direct translation of this loop into vector form is:

do j =1, n
do k=1, n
C(l:n,j)=C(1:n,j)+A(1:n,k)*B(k,]j)
end do
end do
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Alternatively, the headers could have been exchanged in a
different order to obtain the loop:

do j =1, n
do k=1, n
C(i,1:n)=C(i,1:n)+A(1, k)*B(k, 1: n)

end do
end do

The time on a pipelined machine is:

2n2(s +(n-1))t

The time in an array machine is:

(t, +t)n°
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1. Outer-product method (n?-parallelism)

Another interchange of the loop headers produce:

do k=1, n
do 1 =1, n
do j =1, n
C(i,J)=C(i,])+A(1,k)*B(k, )
end do
end do
end do

To obtain n? parallelism, the inner two loops should take the
form of a matrix operation:
do k=1, n

C(l:n,1:n)=C(1l:n,1:n)+A(1l:n, k) B(k, 1:n)
end do

Where the operator L1 represents the outer product of two
vectors. Given two vectors a and b, their outer product is a
matrix Z such that Z; ;=a; x b; . Notice that the previous loop is
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NOT a valid Fortran or Fortran 90 loop because [ is not a valid

Fortran character.

The outer product matrix in the loop above has the following

form:

A1kBik1 A1kBk2 A1kBis -
AoiBi1 AokBra AxBys -
AziBy1 AsiByo AsiBya -

2

1 The two direction:
of replication

This matrix is the element-by-element product of the following

two matrices:

B
[Ak A Ak} x

which are formed by replicating Ak:A( 1: n, k) and
Bk:B( k, 1: n) along the appropriate dimensions. This
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replication can be achieved using the Fortran 90 SPREAD
function discussed above:

spread(A(1: n, k), di 2, ncopi es=n) *spread(B(k, 1: n), di =1, ncopi es=
n))

The resulting loop is therefore:

do k=1, n

C=C+SPREAD( A(1: n, k), 2,n)*SPREAD(B(k, 1: N, 1, n)
end do

In an array machine with P>n?, the time would be:

(2t [logn]+t, +t.)n

copy

where t.qpy IS the time to copy a vector. The time to spr ead to
N copies is logarithmic as discussed in class.
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2. n° parallelism

The product of two nxn matrices, C=nat nul ( A, B) , can be
computed by adding n matrices of rank (n,n):

\:a«}”
. ate 6,&‘3 6?’6 .
@“/6\/ p2> PA/?/@ 22 >
. P 63} erL’L PJLKL P~'&rb 6,?){5
ng@ > Pﬁ)’ Pxf}@ s © el P‘KL?)
oY o> pt P ga
P‘KL& Py & 2 6%& [>~’Lrb
C= PJL?’ Py 63’\'
22
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These n matrices of rank (n,n) can be computed by multiplying
(element-by-element) two three-dimensional arrays of
rank(n,n,n).

The two three-dimensional arrays are formed by replicating A
and B along different dimensions as shown next:

This replication can, again, be achieved, with SPREAD.
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Thus, give the following three directions of replication:

3
2

1

we can start by computing a n® temporary array T as follows:
Yy P

Then, the result is just C=SUM T, DI M=2)

In an array machine with P>=n3 processing unit, the time to
compute C would be:

(2t [logn]+t, +t.[lognT)

copy
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8 Multiplication by Diagonals

An nxn matrix A is banded if A;;=0 for I-]231, J-1=[35:

A

For a small band, for example, 3;=p>=3, the algorithm

11

A12

0 0 A

0

A
16,

A2,B,+1

mn—Bl+1

0

0

0

0

discussed before for matrix-vector multiplication is not efficient.
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An alternative is to do the product by diagonals:

After separating the diagonals into separate matrices, we get:

Ay 0 0 0

o]
0
0
0

0A, 0 0 O]
0 0
0

0

00
00 0%
0000
00 00

V+ ...

000A, O

B>
000 0 \
000 0 O
000 0 O

000 0 O

0 0 0 00
A,0 000

V+ ...

0 0000
0 0000
0 0000\
Ag. 0000

2
0N o0oo
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which can be written as follows:

By + +

VDAVZD..[]AV +A .V O..0A L, V
0"+ 1" &+ B,

A N V40

where VI=(V;,...,V)) and V,j=(V1,....Vp).

Also, [1means add the sorter vector to the first component of
the longer one, and [ means add the shorter vector to the last
component of the longer one.

In Fortran 90 (except for the greek letters and the subscripts):
Ag(1:n)*V(1:n) +
(/ Ai(1:n-1)*V(2:n),0. /) +

(/' Agi(1:n-By)*V(By+1l:n), (0., j=1,By) /) +
(/ 0., A(L:n-1)*V(1:n-1) /) +

(/ (0., j=1,Bz). Aga(1l:n-By)*V(1l:in-By) /)
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9 Consistent Algorithims

A vector algorithm for solving a problem of size n is consistent
with the best serial algorithms for the same problem if the
redundancy is bounded as n — oo,

Vector reduction is consistent.

@) L+
R =

n~ 0O

n,n,.
n:24 n
—_ n_

1 n-1

But parallel prefix is not (see Section 8.9).

The time for the simple form of parallel prefix presented in

Section 8.7 given P processing units and vector length n=2Kis:
k—1

i
t — n-—-2
parallel Z {_P —‘

i=0

The problem with algorithms that are non consistant is that for
N (size of input data) large enough, the array algorithm is
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slower than the scalar version. Assuming constant number of

devices (pipeline stages or processing units).

For example, assuming 8 processors tparael has the following

values:

n tserial  lparallel
16 15 7
32 31 17
64 63 41
512 511 513
1024 1023 1153
~10° ~10% ~2.5%10°

Notice that the array algorithm becomes slower than the scalar

version when n=512.
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A typical situation with inconsistent algorithms is depicted in
the following graph:

time tharallel tserial
A

7

» N
overhead parallel assymptotic
makes algorithm complexity
parallel Is better in
algorithm this region

slower
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10 A consistent version of parallel prefix

A consistent version of parallel prefix can be obtained by
blocking the original algorithm. This can be done for both a
pipelined unit or an array machine. We will show the array
machine version. There are several steps in the algorithm

1. First the array B(1:n) should be reshaped into an P‘pr

matrix as follows:

C=RESHAPE( B, ( / {gw P /), 0.0)

The r eshape( sour ce, shape[, pad] [, order])
function takes the elements of sour ce, in normal Fortran
order, and returns them (as many as will fit) as an array
whose shape is specified by the one-dimensional integer
array shape. If there is space remaining, then pad must be

specifie and is used to fill out the rest. See the manual for a
description of or der .

Thus, if
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B =(11,2.,3.,4.,5.,6.,7.,8.,9.,10.,11. /)
then, the result of RESHAPE above would be:

1.5 0.
2. 6. 10.
3.7 11.
4. 8. 0.

. Then, we assign a column of Cto each processing unit and
compute the partial sums of each column separately as
follows:

do i =2, {DW
C(i,1:P) = C(i-1,1:P) + C(i,1:P
end do

At the end of this loop we will have
k

Ck.q) = Y C(i.q)

=1

32 of 34



3. The third step is to compute the true value of the last
element of each column:

do j =2, P

( m,j): ( m,j-l)w( [g],j)
end do

At the end of this step, the last element of each column wili

have the sum of all elements in its own column and the
columns preceding it.

4. Finally, the elements in each processor are adjusted:

do i =1, {DW -1
P

c(i,2:P) = “ﬂ,l:P—l) + C(i, 2: P)

end do
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The total number of operation in the algorithm is:
qg—‘—l)P+(P—1)+qg—‘—1)(P—1)

The algorithms is consistent because:

qg—‘—l)P+(P—1)+qg—‘—l)(P—1)

n

- 2
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